Abstract: In the present paper, the Hawking radiation of massive bosons from 4-dimensional and 5-dimensional black strings are studied in quantum tunneling formalism. Firstly, we derive the Hamilton-Jacobi equation set via the Proca equation and WKB approximation. Then, the tunneling rates and Hawking temperature of the black strings are obtained. Our calculations show that the tunneling rates and Hawking temperatures are related to the properties of black strings' spacetime. When compare our results with those of scalars and fermions cases, it finds that they are the same.
Introduction
One common feature among black hole physics is that the existence of black holes' thermal properties. This idea was first proposed by Bekenstein, who proved that the entropy of black holes have satisfies the relation S = A/4, where A is the horizon area [1] . In 1976, inspired by this entropy theory of black holes, Hawking discovered that black holes have thermal radiation (now people called this theory as Hawking radiation), and the temperature of black holes (Hawking temperature) can be expressed as T = κ/2π with the surface gravity of black holes κ [2] . The Hawking radiation is very for the foundations of physics, which was great influence on gravitational theory, quantum mechanism, and thermodynamic. Therefore, the Hawking radiation has received wide attention.
Based on the original theory of Hawking, the black hole radiation was considered as a quantum tunneling effect near the horizon. So, people can discuss the Hawking radiation and the temperature of black holes via the quantum tunneling method. In Ref. [3] , Parikh and Wilczek put forward the first kind of quantum tunneling method, which is called as the Null Geodesic method. Using this method, they calculate the tunneling behaviors of massless scalar particles from Schwarzschild black hole as well as Reissner-Nordström black hole and obtained those black holes' temperature. The Hamilton-Jacobi ansatz is another kind of quantum tunneling method. In Ref. [4] , the authors studied the massive scalar particles tunneling from spherically symmetric spacetimes. Subsequently, Kerner and Mann extended Hamilton-Jacobi ansatz to fermions case and studied fermion tunneling. They first applied the WKB approximation to Dirac equation. Then, neglecting the higher-order terms of O( ), the resulting equation to leading order in becomes the Hamilton-Jacobi equation. According the Hamilton-Jacobi equation, Kerner and Mann investigated the Hawking radiation of fermions via quantum tunneling from in the Rindler spacetime and a general nonrotating black hole [5, 6] . Soon after that, Banerjee and Majhi developed the Hamilton-Jacobi ansatz to solve the information loss paradox [7, 8] . Nowadays, the radiation behavior in many complicated spacetimes has been investigated via quantum tunneling method [9] [10] [11] [12] [13] [14] [15] [16] .
It is a well-known issue that the bosons or vector particles (e.g. Z, W ± ) play a very fundamental role as in the standard model for electroweak interaction and the high energy physics. Therefore, the quantum tunneling of bosons from the black hole has recently attracted people's attention [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . In Ref. [19, 20] , Kruglov first used the Proca equation to calculate the Hawking radiation of vector from low dimensional spacetimes. Then, we extended Kruglov's work and studied the tunneling behavior of massive bosons from Kerr-de Sitter black hole and 5-dimensional Schwarzschild-Tangherlini black hole [21] . On the other hand, the black strings are important solutions of the Einstein-Maxwell equations. Those cylindrically symmetric solutions are helpful for us to study the AdS/CFT correspondence. Thus, in the paper we will use Proca equation to study the vector particles tunneling from 4-dimensional rotating black string and 5-dimensional black string.
The remainders of this paper are outlined as follows. Using the Proca equation and WKB approximation, the tunneling process of massive bosons from 4-dimensional rotating black string are investigated in Section 2. In Section 3, we extend our calculations and study massive bosons Hawing radiation from 5-dimensional static black string. In Section 4, some conclusions and discussions are presented.
Massive bosons tunneling from the rotating black string
In Ref. [23] , the authors analyzed the Einstein-Maxwell equations with a cosmological constant, which in a stationary spacetime admitting an isometry group of R × U(1). In their work, the rotating black string metric is given by
where α 2 is the negative cosmological constant, which satisfy the relation α = −Λ/3. Meanwhile, we denote
, where M and J are the mass and angular momentum densities of the rotating black string, respectively. For simplicity, the metric (1) becomes to
tively. The horizons are given by the null-hyper surface condition g µν (∂ µ F ) (∂ ν F ) = 0, where F is the hyper-surface of black string. So, the black string has three horizons when ∆ vanishes, the outer event horizon is located at r + = a −1 b 1/3 . Now, applying the dragging coordinate transformation
one can rewrite the metric (2) as
where
On the event horizon, the B(r) can be expended as
. According to Ref. [19] , in order to study the tunneling behavior of massive bosons on the event horizon, one need to use the Proca equation
where D µ are covariant derivatives, ψ ν are depended on ψ t , ψ r , ψ θ and ψ ϕ , and the mass of bosons is m. The anti-symmetric tensor ψ µν obeys the relation ψ µν = ∂ µ ψ ν − ∂ ν ψ µ . Thus, with the help of equation
where ψ ν and ψ µν are given as follows
Putting Eq. (8) into Eq. (5), and then, considering the relationship in Eq. (6), one obtains
In order to solve Eq. (9)-Eq. (12), one can express the solutions to above equation set in the following form
where i = 1, 2, 3, · · · . According to the WKB approximation and Eq. (13), Eq. (9)-Eq. (12) can be reexpressed as
By analysing the spacetime of the rotating black string, one can find 3 Killing vectors. Therefore, the action S 0 can be expressed as
with the angular momentum ω and the energy of massive bosons j, respectively. Now, substituting Eq. (18) into Eq. (14)-Eq. (17), a 4 × 4 matrix is obtained as
where Λ is a 4 × 4 matrix, which components are given as follows
In above equation, we denote that W ′ = ∂ r W . For obtaining the nontrivial solution of Eq. (19), it requires the det (Λ) = 0. Thus, one has
and the above equation is computed as
where +/− represents the outgoing/incoming solutions on the outer event horizon. Here we only need the imaginary part since the real part of Eq. (22) does not contribute to the tunneling rate. The tunneling rate of massive bosons from 4-dimensional rotating black string is given by
Comparing Eq. (23) with the expression of Boltzman factor, that is Γ = exp (E/T ) with the temperature T and the energy of particles ω [?], the Hawking temperature of 4-dimensional rotating black string is
From Eq. (23) and Eq. (24), one can find that the tunneling rate and Hawking temperature of massive bosons from 4-dimensional rotating black string are related to the outer event horizon r + , the mass M and angular momentum J of the black string . When comparing our results with those of scalars and fermions cases, it finds that they are the same [29] .
3 Massive bosons tunneling from the 5-dimensional black string
In this section, the massive bosons tunneling behavior from 5-dimensional black string will be investigated by using the Proca equation. The metric of 5-dimensional black string is given by [30] 
r H is the event horizon of the 5-dimensional black string, we can rewrite the B(r) as B(r) = B ′ (r + )(r − r + ) + O[(r − r + ) 2 ]. According to the line element of the 5-dimensional black string, one yields the following expression
Putting Eq. (26) and Eq. (13) into Eq. (5), and keeping the first order term of , one has
Considering properties of spacetime, the action for 5-dimensional black string can be expressed as 
where d the elements of Λ are
For obtaining a nontrivial solution, the determinant of the matrix Λ must equals to zero. Therefore, det (Λ) = 0 leads to the following equation
where the plus/minus denote the outgoing/incoming solutions of massive bosons. Here, we need to neglect the real part of above equation. Finally, the tunneling rate of the massive bosons is
According to the the Boltzman factor, the Hawking temperature of 5-dimensional black string becomes
Obviously, the Hawking temperature of 5-dimensional black string is only depended on the event horizon r H . If people investigates the scalar particles and fermions tunneling from the 5-dimensional black string, they would obtain the same results.
Discussion and conclusion
In this paper, the tunneling behaviors of massive bosons from the event horizon of 4-dimensional rotating black string and 5-dimensional black string have been investigated via the Proca equation. By analyzing Eq. (23) and Eq. (24), one can see that the tunneling rate and Hawking temperature of 4-dimensional rotating black string are related to the the event horizon, mass and angular momentum line densities of the rotating black string, and the negative cosmological constant. For the 5-dimensional black string case, it finds that Γ ′ and T ′ H are only dependent on the the event horizon of the black string. Moreover, when comparing our results with those of scalars and fermions tunneling cases, it finds that they are the same. Meanwhile, according to the WKB approximation, we derived the Hamilton-Jacobi ansatz from Proca equation, which indicates that the Hamilton-Jacobi equation is a fundamental equation in the semiclassical theory. Therefore, Hamilton-Jacobi ansatz can help us to investigate the semiclassical dynamic behavior of emit particles on the black holes' event horizon.
